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Combined experimental and numerical tools are developed and used to define more exactly the growth kinetic relations for
(211) crystallographic orientation of Bi4Ge3O12 (BGO) crystal growth—namely, the dependence of crystal growth rate V
on supercooling, T of the melt/crystal interface. A new apparatus for in situ measurements of the time dependence of the
supercooling, T(t), was used, and a new, two-dimensional numerical model was applied to analyze the effect of temperature
boundary conditions and faceting phenomena on the character of the observed V(T) dependence. The measurements of the
T(t) dependence show that there is a large enough undercooling and a novel effect of the appearance of the local maximum
on T(t) dependence at the finish of crystallization. Results on V(T) dependence show that, for the variant of the crystal
growth technique used (melt cooling during axial heating process method [AHP]), the type of the V(T) dependence does
not depend on boundary conditions. The new investigations illustrate the superlinear behavior for V(T) dependence for
(211) BGO crystallographic orientation and show that previous data on sublinear behavior of V(T) dependence for this
crystallographic orientation of BGO have not been justified.
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INTRODUCTION20

Dielectric crystals have a wide application in the production
of various devices used in science, industry, medicine, secu-
rity systems, etc. However, it is difficult to make technological
advancement in the growth of these crystals using a theoreti-
cal approach because of the complex coupling between rele-25
vant physical and chemical processes. To make technological
advancement in the growth of dielectric crystals, it is neces-
sary to develop both a new class of numerical models and a
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new class of experimental methods and devices for the research
of processes during the crystallization of these crystals, espe- 30
cially research into the growth kinetic relations. The knowledge
of the mechanism of the layered interface kinetic is very im-
portant for the development of dielectric single crystal growth
from melt technology. In this case, the layered interface kinetic
plays an important role [1], forming a flat section (facets) at the 35
melt/crystal interface and creating the large supercooling �T
on the facet.

A recent development of a method for the determination of
temperature at the melt/crystal (m/c) interface, by measurement
of thermal radiation from the (m/c) interface with a pyrometer 40
through growing crystal [2], has made possible in situ mea-
surements of facet �T during the melt growth of the dielectric
crystals. The schematic of the thermal unit of the equipment
is shown in Figure 1a. The arrow shows the direction of the
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Figure 1 Schematic of (a) setup and (b) physical model for in situ measure-
ments of supercooling.

thermal radiation from the (m/c) interface to the pyrometer. The45
schematic of the formation of the thermal radiation that achieves
the pyrometer is shown in Figure 1b, where his the all-melt thick-
ness, h1 is the melt thickness where the thermal radiation Imelt

is formed in the melt, L is crystal height, Icryst is the crystal
thermal radiation, and Irez = Imelt + Icryst is the thermal ra-50
diation that achieves the pyrometer. The method was tested on
Bi4Ge3O12 (BGO) crystal growth [3]. The estimations show that
h1 < 0.01 cm for this crystal [24]. This crystal was chosen be-
cause the optical and thermophysical properties of Bi4Ge3O12

crystal and melt are well known [4, 5]. In addition, an investi-55
gation of this crystal is of prime practical interest as it is widely
used for technological applications [1].

The measurement of the time-dependent supercooling�T (t),
together with the simultaneous measurement of the tempera-
ture distribution along the boundaries of the melt-crystal system 60
[6, 7], made it possible to calculate the dependence of growth-
rate on time V (t) and build a functional dependence of growth-
rate on supercooling V = f (�T ) [6–8]. This dependence is
the growth rate kinetic relation, and it makes it possibility to
understand the mechanism of the layered interface kinetics [9] 65
and make a technological improvement. Surprisingly, for (211)
BGO crystallographic orientation, this dependence appeared to
exhibit sublinear behavior of V = f (�T ) dependence [6, 8],
which is in contrast to the theoretically predicted superlinear
dependence of V versus �T [9]. 70

To explain this, it has been suggested that the interfacial
growth kinetic mechanisms may change with a changing BGO
growth rate [10]. However, the unexpected V = f (�T ) depen-
dence obtained in [6, 8] can also be explained by an inaccuracy
in determining the time dependence of growth rate, caused by 75
using a rather one-dimensional heat transfer model [6, 8]. This
reason was investigated [11] and it was shown that for a (211)
BGO crystallographic orientation, the thermal convection and
thermal radiation do not influence the character of the obtained
V = f (�T ) dependence. 80

However, the experimentally measured �T (t) dependence
in [6, 8] was obtained using an optical pyrometer that had an
8 mm measuring spot, and the measured �T value was thus
averaged over the pyrometer 8 mm measuring spot. It can give
an error for �T (t) dependence; therefore, the apparatus for the 85
determination of in situ �T (t) time dependence required fur-
ther improvement. Furthermore, the dependence of growth-rate
on time V (t) is calculated using the measured temperature dis-
tribution along the boundaries of the melt-crystal system. The
measured temperature data have this error, and this error must 90
also influence the V (t) dependence. However, these reasons have
not been investigated up to now.

In the present study, the primary emphasis has been focused
on the following unsolved problems:

1. the development of devices, setups, and methods for in situ 95
research of the time dependence of the facet supercooling
�T (t) using a new optical microprocessor pyrometer with a
resolution better than 0.1 degree. The measuring spot diam-
eter of pyrometer is 1.2 mm;

2. an experimental research of �T (t) for (211) BGO crystallo- 100
graphic orientation;

3. the development of two-dimensional numerical models for
radiative-conductive heat transfer in a crystal and melt, taking
into consideration the faceting phenomena;

4. the calculation of the growth rate dependence on supercool- 105
ing V = f (�T ) for (211) BGO crystallographic orientation
using new experimental data on the �T (t) and the tempera-
ture boundary conditions;

5. an investigation into the role of the errors of the experimental
data on the temperature boundary conditions. 110
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The data on V = f (�T ) obtained in the framework of this in-
vestigation will be used as an instrument for BGO crystal growth
technology improvement. The experimental method and appa-
ratus for the supercooling in situ measurement developed in this
work are promising as a novel way of controlling the crystal115
growth process. Modern computer simulation plays a sufficient
role in crystal growth process investigation and enables the de-
termination of temperature fields during the crystallization pro-
cess when the use of direct experimental methods is restricted
or impossible, as is the case here. The numerical model devel-120
oped in this work can be used for the calculation of thermal
conditions at facet crystal growth of dielectrics. Due to the slow
nature of the crystallization process in real conditions, it may
be possible to grow crystals by computer simulations for the
monitoring of temperature fields and heat exchange processes.125
This way allows the display of the whole crystal growth process
at each time instance, namely, the temperature distribution on
all crystal-melt-crucible systems, the forming character of theQ1
interface, the crystal growth rate, and so on. Moreover, it is pos-
sible to use special computer programs as a control automatic130
unit of industrial crystal growth processes to provide reliable,
stable crystal formation.

EXPERIMENTAL SETUP AND RESEARCH METHODS

The aim of this part of the investigation was to conduct the
in situ investigation of135

1. the �T (t) time dependence for (211) BGO crystallographic
orientation using the new optical pyrometer with a 1.2 mm
measuring spot to obtain more exact experimental data, and

2. the same experiment using a more exact variant of the mea-
surement of the temperature boundary conditions.140

The value of 1.2 mm was chosen due to production limitation.
It was necessary to obtain more exact data for the new two-
dimensional model, and find (with its help) the behavior of V =
f (�T ) dependence, compare it with the data that was found
elsewhere [6, 8], and test the conclusion on the change of the145
interfacial kinetics growth mechanism as has been suggested in
[10], where the data of �Texp was obtained as the value that was
averaged over the pyrometer 8 mm measuring spot.

Methodology of the Supercooling Measurements

Single crystals of dielectrics are transparent to thermal ra-150
diation. If a crystal is transparent and the melt is opaque, it is
possible to measure the brightness temperature Tb at the inter-
face through the transparent crystal with an optical pyrometer [2,
3]. The calculation [12] shows that the supercooling �T value
can be found by the equation:155

�T = T m
b − T v

b ,

where T m
b is the interface brightness temperature, measured with

an optical pyrometer in the absence of crystal growth, and T v
b is

the brightness temperature at growth rate V . T m
b corresponds to

the melting point, while T v
b corresponds to the temperature of 160

the supercooled interface at growth rate V .
Investigations of the BGO crystal properties have shown that

the absorption coefficient (kc) of a single crystal at the melting
temperature in the spectral range of 500–4000 nm is 0.03 cm−1

[4, 5]. But for a kc greater than 0.01 cm−1, it is necessary to take 165
into account the influence of the crystal on Tb(t) [13]. This in-
fluence appears due to the radiation of the Icryst, and thus Imelt is
absorbed by the crystal (Figure 1b), which changes the reading
of an optical pyrometer and introduces an error in the measured
value �T . Thus, it is necessary to correct by some value δ(�T ) 170
the experimental data obtained in the course of an in situ exper-
iment. The correction δ(�T ) is defined as:

δ(�T ) = T m
bc0 − T m

bc1 = δ
(
T m

bc

)
(1)

where T m
bc0 is the calculated brightness temperature for the melt-

ing point temperature of the interface at kc = 0, and T m
bc1 is the

brightness temperature for the melting point temperature of the 175
interface at kc = 0.03 cm−1.

The true value �T (t) is determined as

�T (t) = �Texp(t) − δ(�T ) (2)

The value of T m
bc1 depends on the temperature distribution in

the crystal within the limits of the pyrometer aperture and on
crystal length. The crystal length and temperature distribution in 180
a crystal vary during crystallization. Thus, the time dependence
δ(T m

bc ) is defined for boundary conditions existing during the
experiment. Values T m

bc0 and T m
bc1 were defined by using the Wien

formula (3):

T m
bc k = c2T

c2 − T χ0 ln εχ0

(3)

Here k = 0, 1, T is the interfacial temperature, c2 = h P c0/kB,
kb is the Boltzmann constant, hP is the Planck constant, c0 is
the vacuum velocity of light, and εχ0

, is the effective emittance
of the sample at pyrometer wavelength χ0. The value εχ0

was
determined by

εχ0
= Irez

ebχ(Ti )
(4)

Here, Irez is the spectral intensity of thermal radiation, emitted by 185
a nonisothermal sample (see Figure 1b) and dependent on crystal
absorption that leads to different values of T m

bc0 and T m
bc1. ebχ(Ti )

is the radiation intensity of the black body at the temperature
of the melt-crystal interface and is calculated using Planck’s
formula. The value Irez was obtained as described in [13] using 190
a numerical calculation according to a one-dimensional model.
εχ0

, ebχ(Ti ), and Irez were defined at wavelength χ0. Q2
The microprocessor, two-wavelength, high-resolution opti-

cal pyrometer was manufactured [14] to conduct the described
investigation. Table 1 gives the main attributes of the pyrometer. 195
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Table 1 Technical features of the pyrometer

Temperature range 600–1200◦C
Resolution 0.01–0.05◦C
Operating wavelength χ1 795 nm
Operating wavelength χ2 995 nm
Spectral transmission band �χ 30/40 nm
Instrumental error of brightness temperature

measurement
±0.15%

Operating distance L 400–480 mm
Target size Ø 1.2 mm
Time of measurement 20–1000 ms
Interface RS232
Data transfer rate 9600–115200 baud
Weight 4.8 kg
Dimensions 270 × 150 × 240 mm

To measure Tb of the melt/crystal interface, the optical pyrome-
ter was focused on this interface through the BGO sample (see
Figure 1a).

The systematical error of supercooling measurement on in-
terface δ(�T ) depends on some factors: the optical properties200
of the crystal, melt, and crucible; the crystal height and diame-
ter; and the value and gradient of the temperature in furnace. Its
value is in range 2–10% [24].

The Experimental Setup and Procedure

The schematic of the experimental setup is shown in Figure205
1a. The “axial heat flux close to the phase interface” growth
method (AHP method; see [15, 16]) was employed for measure-
ments of facet supercooling and research into interfacial kinetics
features during the growth of the dielectric crystals. The AHP
technique for vertical gradient freezing of crystallization allows210
the possibility of conducting the experiment in the absence of
the effect of melt convection on heat transfer [11]. This gives the
possibility, in turn, to improve the accuracy of the computations
of crystal growth rate.

The BGO sample under study is 36 mm long. It is placed in215
the lower part of the platinum AHP crucible. The upper part of
the crucible is 50 mm in diameter, and the lower part is 25 mm in
diameter. The crucible is fixed on the alumina tube. The upper
part of the crucible contains the AHP heater. It consists of a
platinum casing and the platinum heating element. The AHP220
heater casing is fixed in the furnace. A temperature distribution
on the AHP crucible and on the AHP heater was measured with
platinum thermocouples T1–T4. The thermocouples are welded
to the bottom of the AHP heater casing (T1) and to the crucible
walls (T2–T4). Heating is done using a four-section resistance225
heater (hereinafter, the background heater). A background heater
provides heating of the sample up to 1100–1150◦C in air.

The platinum thermocouples T5–T7 close to sections of
the background heater are used with a computer temperature
control system. Digital multi-loop PID (proportional-integral-230
differential) control of the setup heaters is carried out with the
help of a microprocessor system based on the microproces-

sor controller “Elektronika-MC1212,” CAMAC apparatus, and
digital measurement instrumentation. Data acquisition and its
graphical representation from the setup are done with the Data 235
Acquisition/Switch Unit 34970A, designed by Agilent and the
BenchLink program of this firm. Data reading from the pyrom-
eter is supported by a special program. The computer system is
described in more details in [17].

According to the signals of the thermocouples T3–T4, the 240
necessary axial temperature gradient on the sample was set. The
temperature of the furnace was then increased to such a value
that a melt appeared under the AHP heater. The given thickness
of the melt layer h (Figure 1b) was obtained by maintaining the
necessary value of the temperature T1. To determine the value of 245
h, the one-dimensional radiation-conductive heat transfer model
was used during the in situ experiment [17]. After obtaining the
value of h = 2–5 mm, the crystallization of the melt began.
It was carried out by decreasing the temperature T1 at the rate
a and time dependence Tb(t) was measured at wavelengths χ1 250
and χ2 during the crystallization process. Simultaneously, the
time-temperature dependence T1(t)–T4(t) was measured.

NUMERICAL CALCULATION

The main aims of the calculation are to define the V (�T )
dependence of a crystal growth rate V on supercooling �T of 255
the facet center using the data of the in situ experiment de-
scribed here and compare the results with data presented in [6,
8]. To find V (�T ), the experimental time dependence �T (t)
and calculated data on V (t)V (t) dependence are used. To cal-
culate V (t), the experimental data on �T (t) dependence and 260
on T1(t)–T3(t) dependences (the positions of the thermocouples
shown in Figure 1a) are used. A further aim of the investigation
is to determine the influence of temperature boundary condi-
tions during in situ experiment on the type of the dependence
V (t) and V (�T ). 265

Description of the Numerical Model

Research of heat transfer in a crystal-melt system was carried
out with the help of 2D models in the presence of supercooling
on a melt/crystal interface. The schematic of the calculation do-
main is presented in Figure 2. A contour in Figure 2 is plotted on 270
a meridional plane of the axisymmetric domain, with the system
centerline at the left edge. The calculation domain includes the
opaque melt, semitransparent crystal, and diathermic area. The
melt, crystal, and diathermic cavity are surrounded with a thin
wall crucible on boundaries �4, �6, �8 (see Figure 2). There is no 275
spectral dependence of the crystal emissivity and absorbtivity.
Boundaries �6, �8 are diffusely reflecting and opaque. Bound-
aries �1, �7 are semitransparent. The model takes into account a
radiation-conductive heat transfer (RCT) for the crystal, conduc-
tive heat transfer for the melt, and the crucible, and a radiation 280
heat transfer for the diathermic cavity. Convective heat exchange
is not taken into account in the melt due to the insignificance

heat transfer engineering vol. 27 no. 2 2006



November 9, 2005 22:16 806 TFJF177-05-139757

S. V. BYKOVA ET AL. 5

Figure 2 The schematic of the calculation domain.

of its contribution to heat exchange [11]. The model takes into
account the semitransparent crystal and opaque melt properties-
jump and the latent heat of phase transfer on the interface.285

The 2D non-stationary Equation (5) of complex heat ex-
change in enthalpy form [18] is solved. Equation (6) sets the
volume density of radiation in each crystal point in view of
the intensity of the radiation from all directions. Equation (7)
describes heat exchange by radiation between elements of a290
diathermic cavity surface.

∂Hi

∂t
= 1

r

∂

∂r

(
rλi (T )

∂T

∂r

)
+ ∂

∂z

(
λi (T )

∂T

∂z

)
+ βE, (5)

where

H (T ) =
∫ T

0
cp(T )ρ(T )dT , enthalpy

and T is the absolute temperature; cp is the specific isobar ther-
mal capacity; ρ is the density; i = 1, 2, 3; t is the time, r, z are
the radius and height of the cylinder; λ is the thermal conduc-295
tivity; E is the volume density of radiation; and β = 0, 1. For
the crystal, i = 1, β = 1; for the melt, i = 2, β = 0; for the
crucible, i = 3, β = 0.

E =
∫

�=4π

I (�)d� − 4n2kcσT 4, (6)

where n is a parameter of refraction; kc is a factor of absorp-
tion; σ is the Stephan-Boltzmann constant; I is the intensity of300
radiation as the characteristic of a transmission of radiation in aQ3
direction �, depending on absorption of the crystal, the temper-
ature distribution, and the effective of the boundary radiation;
and � is a solid angle (in Eq. (6), radiation intensity is integrated
on all directions, as on angle 4π).305

σT 4
y −

∫
F

σT 4
x

cos ϕx cos ϕy

π|x − y|2 dF = 1

εy
qr (y)

−
∫

F

1 − εx

εx
qr (x)

cos ϕx cos ϕy

π|x − y|2 dF (7)

where F is a diathermic cavity surface; |x − y| = R is the
distance between points x and y that lay on surface F ; ε is the
emissivity of surface F ; ϕx , ϕy are angles between normal to
surface F in points x , y, and a vector �R (Figure 2); qr is a net
radiation flux; and Ty , Tx are absolute temperatures of target and 310
source, respectively.

The generalized statement of the Stefan problem with the
introduction of a temperature interval of smoothing is used to
account for the jump in properties and the latent heat of phase
transfer on the moving interface. 315

Boundary conditions for Eqs. (5)–(7) presented on Figure 2
are:


�1 : −λ1
∂T

∂ns

∣∣∣∣
�1

= αef(T − Td );

�2 :
∂T

∂ns

∣∣∣∣
�2

= 0;

�3 : −λ2
∂T

∂ns

∣∣∣∣
�3+

+ λ1
∂T

∂ns

∣∣∣∣
�3−

= L f
∂ns

∂τ
, T |�3− = .T |�3+

= Tcr;

�4 : T |�4 = G4(T ′
1, T ′

2);

�5 : T |�5 = G5(T ′
2, T ′

3);

�6 : T |�6 = G6(T ′
3, T ′

4);

�7 : T |�7 = G7(T ′
4);

�8:−λ1
∂T

∂ns

∣∣∣∣
�8−

+ βqr = .λ3
∂T

∂ns

∣∣∣∣
�8+

, T | �8− = .T | �8+

(8)

where αef is the effective heat transfer factor, which is defined
on a radiation flux for an area of crystal opacity and an average
difference of temperatures in the diathermic cavity; L f is the 320
phase transition heat; Tcr = G(�3) is the temperature of the
front of facet crystallization (described below); ns is a normal to
a surface; and qr is the net radiation flux in a crystal-on-crystal-
crucible boundary.

The Stefan condition on the melt-crystal interface is described 325
in Eq. (8) on (�3). Boundary conditions on crystal-crucible (i =
1; β = 1) and melt-crucible (i = 2; β = 0) boundaries (�8): Q4

For an area of a transparency of a crystal on border �1, the
balance of the radiation fluxes is set taking into account border
diffusion properties. The temperature profile on the borders of 330
the system is defined with temperature values in characteristic
points T ′

1–T ′
4 (see Figure 2).

G4 : T = T ′
1 + (T ′

2 − T ′
1)

r2

R2
(9)

G5 : T = T ′
3 + z · T ′

2 − T ′
3

H
(10)

G6 : T = T ′
3 + z · T ′

3 − T ′
4

h
(11)

G7 : T = T ′
4 (12)

heat transfer engineering vol. 27 no. 2 2006
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The assigned procedure of temperatures T ′
1–T ′

4 on the basis of
experimental data T1, T3, T4 (Figures 1a, 2) is presented below.

Faceting Phenomenon at Determination of Tcr335

The facet appears on those parts of an interface where the
growth of a crystal phase proceeds by the layer mechanism [9].
In this case, different parts of an interface grow by different
mechanisms. The layer mechanism of growth forms flat sites
of an interface, while the rough mechanism of growth forms340
rounded sites of an interface. For the rough mechanism (i.e.,
normal mechanism of growth), small supercoolings of interface
are required. For facet growth, there is a higher-order super-
cooling than for the rough mechanism. Therefore, in the present
work, it is assumed that on the rounded sites of an interface, the345
supercooling is equal to zero and the temperature of the front
of the crystallization Tcr = Tm. In the model, a formation of
one coaxial, relative to axis Z, flat facet is presumed. For facet
growth, interface supercooling �Tr = Tm − Tcr depends on the
position of a point r is on a facet, where r is the current coordi-350
nate r ≤ Rfac(0 ≤ r ≤ Rfac). The radius of a facet Rfac is defined
by a point intersecting an isothermTm surface by a facet plane
(see Figure 3). A maximum supercooling �T is formed in the
facet center (Figure 3). With an increase of r , �Tr falls to zero
in the place of the crossing of a facet with the rounded side of a355
crystallization front. Taking into account the results of [19], the
dependence of facet supercooling versus radius is defined by

�Tr (r ) = �T − �T r2

R2
fac

(13)

To calculate the �Tr (r ) dependence, the value of �T was taken
from experimental data as �T (t).

Technique of the Numerical Calculation360

The technique of the numerical solution of the equation of
energy is based on a method of finite differences [20] and a
zone method [21] for the description of radiation heat transfer.
To construct the difference analog of the energy equation, an
integro-interpolation method is applied on a mesh pattern. The365
temperature Ti j is defined during the solution of a system of

Figure 3 The schematic of the determination of the facet position and radius.

equations on each time step in an iterative cycle until the in-
equality |δT̂ | ≤ εT will be satisfied, T̂i j = Ti j + δT̂i j i =
1, n − 1; j = 1, m − 1, where n and m refer to the height and
radius, respectively. 370

For the solution of the problem of heat exchange with a mov-
ing interface, the method of the transit computation with the
smoothing of discontinuous coefficients and phase transition
heat is used. For this purpose, the temperature interval of smooth-
ing θ, which is limited to Tcr − θ/2 and Tcr + θ/2, is defined 375
under the implicit scheme simultaneously with the calculation
of the temperature field of the system.


T < Tcr − θ

2
, λ(T ) = λ1; [cp(T )ρ(T )] = cp1ρ1;

Tcr − θ

2
≤ T ≤ Tcr + θ

2
, λ(T ) = λ1 + λ2

2
+ λ2 − λ1

2

× cos

(
π

(
1 +

[
T − Tcr + θ

2

]
1

θ

))
;

[cp(T )ρ(T )] = cp1ρ1 + cp2ρ2 − cp1ρ1

θ

(
T − Tcr + θ

2

)

+ L f

θ
;

T > Tcr + θ

2
, λ(T ) = λ2; [cp(T )ρ(T )] = cp2ρ2;

(14)

where θ is an interval of smoothing, and λ1, cp1, ρ1 and λ2, cp2,

ρ2 are the thermal conductivity, specific thermal capacity, and
density of crystal and melt, respectively. 380

During the iterative solution of the system of equations, at
each subsequent time level the interface is defined by the tem-
perature of crystallization Tcr (i.e., the top border of a crystal is
defined). In the absence of a facet on an interface, Tcr = Tm . At
the facet formation for the subsequent step in time, the temper- 385
ature in the center of the flat side is defined as Tcr0 = Tm − �T ,
and with that facet, coordinate z is defined. The facet radius Rfac

value is determined for this z. This value is defined with a cross-
ing line of the facet plane with a surface of isotherm Tm (see
Figure 3). The position of the interface in the facet growth area 390
corresponds to a temperature configuration of

Tcr(r ) = Tcr0 + (Tm − Tcr0) r2

R2
fac

, 0 ≤ r ≤ Rfac, (15)

and at r > Rfac, it is defined on a structure of an isotherm Tm.
Thus, for each time step, the position and the form of crystal-
lization front for facet growth are solved. The dependence of the
coordinate of the facet center in time is used for the definition 395
of growth rate.

The volume occupied by the semitransparent crystal increases
during crystal growth. For the calculation of radiation, the chang-
ing curvilinear interface is represented as step toroidal surfaces
corresponding to the digitization of the solution area. To accel- 400
erate the calculations, the base matrix of the radiation configu-
ration factors (RCF) is defined in advance for each element of
area with all others, with the assumption that the crystal com-
pletely fills the area [18]. During the calculation, the matrix RCF, Q5
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received by the selection from the base matrix, is used in view405
of a position and a configuration of the interface and the crystal
sizes. During the change of the crystal sizes, both the sizes of
matrices and a part of the coefficient values of these matrices
change. Therefore, during the change of the interface position,
exceeding a step of a computational grid, a part of the RCF410
connected with the interface is recalculated.

Calculations were carried out on a 61 × 65 grid covering the
crystal, melt, and crucible with a time step of integration of 30
and 60 s and an interval of smoothing θ Eq. (14) in the field
of phase transition of 1–10 K. The validation of the program415
for an unsteady linear homogeneous heat conductivity solution
was carried out on the basis of the analytical solution of the
Fourier equation under boundary conditions of the convective
type. An error of calculation of temperatures at a level 200–
600◦C on a grid 15 × 30 was found to be less than or equal420
to 0.006–0.03% or 0.04–0.07◦C on the axis of the cylinder and
0.14–0.02% or 0.15–0.45◦C on the surface. Calculations were
carried out using two calculation schemes: the fully implicit
scheme and the Crank-Nicholson explicit–implicit scheme. At
a step of integration on time < 30 s, the divergence between425
the results received with the two calculation schemes coincides
better than 10−6 K. The error on a growth rate of a crystal caused
by the change of an interval of smoothing (in a range 2.5–10 K)
∼18%.

The Procedure of the Investigation of the Role430
of Temperature Boundary Conditions

To define V = V (�T ), it is necessary to calculate the depen-
dence V (t). To do this, the experimentally measured time tem-
perature dependences Tj (t) ( j = 1..4) are used (see Figure 1).
Positions of points of temperature Tj are defined by convenience435
and opportunities of experiment. To perform the calculations,
boundary conditions were defined on points T1, T2, and T3 (see
Figure 2). At that point, it is necessary to take into account two
circumstances. First, for the experimental data in points T1–T4,
it is difficult to restore the distribution of the temperature, as440
on borders �4 and �5 (see Figure 2). Second, the absolute val-
ues of temperatures are measured with an error, because of both
an error of thermocouples and features of their location. As a
result, the distribution of temperature on the boundaries of the
calculation domain is defined with difficultly. The facet forma-445
tion depends essentially on a deflection of the interface and also
on whether the interface is convex or concave toward the melt
[22]. It has been shown that conditions in which in situ experi-
ments are carried out are not stationary [11]. In these conditions,
the growth rate dynamic of facet V (t) should depend strongly450
on the dynamic of temperature distribution on borders of the
solution region. Therefore, the uncertainty of boundary condi-
tions can strongly affect the character of the value V (t), and
therefore of the dependence V = f (�T ) that results. However,
research into the role of these effects has not been executed until455
now.

Figure 4 The types of the temperature boundary conditions for calculated
domain (Figure 2): (a) butt-end surface T1 − T2, (b) and (c) side surface
crucible.

To define the influence of boundary conditions on the depen-
dence V (t), a number of calculations for various temperature
distribution types on borders T1–T2 and T2–T3 (see Figure 4)
and ratios of cooling rates in these points has been carried out. 460
Time dependences Tj (t) were defined on experimental depen-
dences Tj (t), where j is the point index. Experimental data were
smoothed with third order curves Tj (t) = Tj0 + b1

j t + b2
j t

2+
b3

j t
3. Values of coefficients b1

1, b2
1, b3

1 for point T ′
1 were obtained

from experimental data. Values of coefficients in points T ′
2 and 465

T ′
3 were selected so that the calculation values in points T3(t),

T4(t) were close to experimental ones.
In addition, this model has been used to investigate the in-

fluence of the cooling rate on the dynamics of a temperature
field in a crystal-melt system. The data used in calculations as 470
parameters are presented in the Table 2.

The results of the calculations are presented as such: depen-
dence z(t) is the position of the front of crystallization in facet
center on time; V (t) is in facet center; V (�T ); T er (z, r, t) is the
change of the form and position of melt/crystal interface in time; 475
and T (z, r, t) is the distribution of temperatures in the system
for different moments of time.
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Table 2 Parameters of model

Geometrical
Crystal diameter D = 25 mm
Height of system a crystal–melt H = 40 mm
Height of deathermic area hd = 150 mm
Thickness of a crucible wall w = 1 mm

Thermophysical
Crystal heat conductivity λ1 = 1.2 W/(m · K)
Crystal specific isobar thermal capacity cp1 = 334.5 J/(kg · K)
Crystal density ρ1 = 7090 kg/m3

Crystal parameter of refraction n = 2.1
Crystal factor of absorption kc = 3 m−1

Temperature of crystallization at absence of Tm = 1323 K
undercooling

Melt thermal conductivity λ2 = 0.2 W/(m · K)
Melt specific isobar thermal capacity cp2 = 410 J/(kg · K)
Melt density ρ2 = 7090 kg/m3

Heat of phase transition L f = 140 kJ/kg
Effective heat transfer factor from a crystal in αef = 16 W/(m2·K)

diathermic cavity
Factors of reflection on borders of a crystal (Rcr) and

diathermic cavity (Rd)
Crysal/melt border Rcr−m = 0.0
Crystal/platinum border Rcr−pt = 0.418
Platinum/diathermic cavity border Rd−pt = 0.884

RESULTS AND DISCUSSION

The Experimental Results

The data on time dependences T1(t)–T4(t) recorded during480
the in situ supercooling measurements and data on �T (t) =
T m

b −T v
b (t) for the (211) direction of crystal growth of Bi4Ge3O12

sample are presented in Figure 5. The crystallization process was
conducted at the cooling rate a = 40 K/h for temperature T1(t)
(see Figure 5a). To increase the reliability of Tb, measurements485
were conducted at two wavelengths, χ1 and χ2. Experimental
data on interface supercooling at two different wavelengths are
presented in Figure 5b. To calculate the V (t) and V (�T ) de-
pendences during the whole crystallization run, it is required to
know the time of the crystallization finish. However, it is difficult490
to determine this time of finish of the crystallization from data
on �T (t). Therefore, it is hard to determine the time when it is
required to stop supercooling and time measurements to finish
computations of V (t) and V (�T ) dependences.

To determine the time of the ending of the crystallization, the495
readings of thermocouple T1 were kept under observation, as
well as the visual control of a sample through the ocular of the
optical pyrometer. Melting was observed as a point of inflection
in the time dependence T1(t) as well as the occurrence of separate
bright spots in the measuring area of the pyrometer. According to500
some scientific publications, the BGO melting point is 1050◦C
[23].

During our in situ experiments, it was found that a melt ap-
pears at a temperature of 1068◦C according to an indication of
thermocouple T1 and data of visual monitoring. It is 18 K greater505
than the BGO melting temperature value reported in the litera-

Figure 5 Experimental time dependences on (a) T1 − T4 and (b) �T (t) =
Tm

b − T v
b (t).

ture [23]. As thermocouples at points T1–T4 were welded to the
platinum crucible and the AHP heater casing, this difference is
connected with the thermal contact resistance. Melting begins at
separate points of the crystal, and these points gradually join to 510
fill the whole cross-section of the crystal, as observed through
the ocular of the optical pyrometer. This process also points to
the presence of thermal contact resistance. Thus, it is possible
to expect that temperatures (at points T1–T4 for boundaries of
the calculated domain) are really less than thermocouples have 515
shown in the experiment.

One can see that there are inflections of curves T1(t)–T4(t) at
130 min (see Figure 5a), this time, there is a strong change of the
�T (t) dependence at 130 min (see Figure 5b). It corresponds
to 1060◦C, in accordance with thermocouple T1 data, and is 520
somewhat less than the melting point temperature 1068◦C fixed
at melting. If we take into account the melt supercooling, it is
possible to assume that after this time, the crystal growth process
was finished.

The aim of the computations is to define the V (t) and V (�T ) 525
dependences. For this purpose, the dependence of supercooling
versus time �T (t) is used together with data on temperature
boundary conditions. However, one can see that there are no reg-
ular �T (t) time dependences in the 80–130 min time interval
and that there are local maximums close to 90–100 min for the 530
�T (t) dependences (see Figure 5b). At present, the nature of
these local maximums is not clear. At t = 90–100 min, the value
of T1 is essentially higher than Tm; therefore, crystallization
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proceeds, and supercooling should not fall. The effect may be
connected with a change of properties of the melt before crystal-535
lization, and the melt becomes more transparent. It is possible
that the local maximums correspond to a small value of melt
thickness. The thermal radiation of the AHP heater bottom can
influence the Tb value for a small melt thickness (for the h value
is close to the h1 value; see Figure 1b). The large difference540
between Tb for different pyrometer wavelengths illustrate this
influence in the 100–130 min time interval. After 100 min, the
�T (t) time dependence strongly changes its behavior, a ther-
mal radiation at the bottom of the AHP heater becomes more
important for the smaller thicknesses of melt layer. Thus, one545
might assume that the behavior of �T (t) dependence after 80
min is not the real supercooling behavior, because there is no
theoretical premise for this behavior of �T (t) dependence now.
For the numerical calculation, it is necessary to have data for the
whole crystal growth time interval t = 0–130 min.550

To meet this difficulty, the experimental �T (t) dependence
was corrected for 80–130 time interval (see Figure 6, dotted
line). The correction was made in such a manner as to continue
the behavior of the experimental �T (t) dependence that take
place before 80 min (see Figure 6, solid line). Experimental555
verification according to the melt/crystal interface marks that
were obtained after cutting the sample in the longitudinal di-
rection (as described in [7]) showed that the value of h before
crystallization reached 5–6 mm. Thus, the melting of the sam-
ple gave the change of its height from 36 mm at the beginning560
of melting to 30 mm at the end. However, the sample length
and temperature of the sample influence the measured value
of Tb [13]. Thus, the value of �T , calculated by the expres-
sion �T (t) = T m

b − T v
b (t), must be corrected according to

Eq. (2). Calculations of the δ(�T ) values were carried out for565
α = 0.03 cm−1 and the linear temperature distribution in the

Table 3 Variants of approximation of boundary temperature conditions for basic calculation experiments

No. Approximating dependences

1 T1 = 1139.051 − 0.7594580572 · τ + 0.001068754725 · τ 2 − 3.860022857 · 10−7 · τ 3

T2 = 1143.576 − 0.62693321315 · τ + 0.0013196303325 · τ 2 − 5.78638430785 · 10−6 · τ 3

T3 = 1083.970 − 0.4249895202 · τ + 0.004506923695 · τ 2 − 2.877135544 · 10−5 · τ 3

T4 = 1045.010 − 0.3059113338 · τ + 0.002871237224 · τ 2 − 2.229227553 · 10−5 · τ 3

2 T1 = 1121.051 − 0.7594580572 · τ + 0.001068754725 · τ 2 − 3.860022857 · 10−7 · τ 3

T2 = 1125.576 − 0.62693321315 · τ + 0.0013196303325 · τ 2 − 5.78638430785 · 10−6 · τ 3

T3 = 1065.970 − 0.4249895202 · τ + 0.004506923695 · τ 2 − 2.877135544 · 10−5 · τ 3

T4 = 1027.010 − 0.3059113338 · τ + 0.002871237224 · τ 2 − 2.229227553 · 10−5 · τ 3

3 T1 = 1139.051 − 0.7594580572 · τ + 0.001068754725 · τ 2 − 3.860022857 · 10−7 · τ 3

T2 = 1143.576 − 0.62693321315 · τ + 0.0013196303325 · τ 2 − 5.78638430785 · 10−6 · τ 3

T3 = 1083.970 − 0.4249895202 · τ + 0.004506923695 · τ 2 − 2.877135544 · 10−5 · τ 3

T4 = 1045.010 − 0.3059113338 · τ + 0.002871237224 · τ 2 − 2.229227553 · 10−5 · τ 3

4 T1 = 1121.051 − 0.7594580572 · τ + 0.001068754725 · τ 2 − 3.860022857 · 10−7 · τ 3

T2 = 1125.576 − 0.62693321315 · τ + 0.0013196303325 · τ 2 − 5.78638430785 · 10−6 · τ 3

T3 = 1065.970 − 0.4249895202 · τ + 0.004506923695 · τ 2 − 2.877135544 · 10−5 · τ 3

T4 = 1027.010 − 0.3059113338 · τ + 0.002871237224 · τ 2 − 2.229227553 · 10−5 · τ 3

5 T1 = 1139.051 − 0.3797290286 · τ + 0.00026718868125 · τ 2 − 4.82502857125 · 10−8 · τ 3

T2 = 1143.576 − 0.313466606575 · τ + 0.000329907583125 · τ 2 − 7.2329803848125 · 10−7 · τ 3

T3 = 1083.970 − 0.2124947601 · τ + 0.00112673092375 · τ 2 − 3.59641943 · 10−6 · τ 3

T4 = 1045.010 − 0.1529556669 · τ + 0.000717809306 · τ 2 − 2.78653444125 · 10−6 · τ 3

Figure 6 Time dependence of supercooling at the interface during the faceted
growth of BGO, dotted line-extrapolated region.

sample, which was determined by the value of gradT = (T4–
T3)/ l, where l is the distance between T3 and T4 on the side
surface of the crystal. The results of the calculation showed that
the change of the length and temperature of the sample would 570
results in an increase of the brightness temperature by 0.5 K.

Thus, Tj experimental data vary nonlinearly over the whole
time interval 0–130 min. A time interval of 16–80 min with
constant cooling rate is most interesting to obtain V (�T ). This
interval has more reliable �T (t) data also.

575

Results of Numerical Modeling

The aim of calculations is the definition of V (t) and V (�T )
dependences under conditions of interface faceting in the growth
of the BGO crystal. Thermal contact resistance on the crys-
tal/crucible border is not taken into account in the model. To 580
test the effect of temperature boundary conditions, a set of com-
putations for different boundary conditions was performed (see
Table 3). The types of temperature distribution preset at the
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Table 4 Approximation of dependence for supercooling versus time

Time interval Approximating dependence

Interval of 0–16 min. �T = −0.0030984017 · τ + 0.0024406683 · τ 2 − 0.0002411891 · τ 3 + 1.055509532 × 10−5 · τ 4

Interval of 16–80 min. �T = −0.9547396793 + 0.1039969966 · τ − 0.002002416495 · τ 2 + 2.285032768 × 10−5 · τ 3 − 1.04437093 × 10−7 · τ 4

Interval of 80–140 min. �T = 2.982374655 − 0.045577988 · τ + 0.000559833 · τ 2 − 0.000001851 · τ 3

boundaries of the calculated domain are presented in Figure 4.
These distributions have been obtained on basis of experimental
data (see Figure 5) for the initial time. Piecewise linear temper-585
ature distribution was on the side boundary and parabolic on the
top border.

To perform these computations, the dependence of �T (t)
has been approximated by three segments (see Table 4). For
that, the averaged (for two operating wavelengths of pyrometer)590
dependence of supercooling versus time has been applied. The
type of �T (t) dependence employed in computations is given
in Figure 6. The results obtained for time interval 16–80 min
are of the most interest, and are indicated with solid lines in all
figures with calculation data.595

Figure 7 Results of modeling of in situ supercooling measurement experiment (variant 1, Table 3). Dotted line is extrapolated regions for �T (t) dependence:
a) z(t), position of front of crystallization in facet center on time; b)T er (z, r, t), change of the form and position of melt/crystal interface in time; c) V (t), in facet
center; d) V (�T ).

Modeling has shown that if the experimental data presented
in Figure 5a at the linear temperature distribution along the side
surface of calculated domain (Table 3, variant 1) are used, there is
superlinear behavior of the V (�T ) dependence in the time inter-
val 16–80 min at constant cooling rate. The results are obtained 600
given in Figure 7. The position of front of the crystallization in
the facet center on time (see Figure 7a) is used to calculate de-
pendence of V (t)- in the facet center (see Figure 7c) and V (�T )
dependence (see Figure 7d). Dependence of V (t) has been ob-
tained with a differentiation of graph Z (t) (see Figure 7a) on 605
time. V (�T ) was defined for crystal growth facet center. This
result on the V (�T ) dependence in the time interval 16–80 min
corresponds to theoretical predictions for a screw-dislocation
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growth mechanism [9] and is opposite to the previously obtained
results [6, 8] that has shown a sublinear behavior of V (�T ) de-
pendence for a (211) BGO facet. We connect it with the changing610
of the measuring spot from 8 mm for an old optical pyrometer
[6, 8] to 1.2 mm for a new optical pyrometer and with obtaining
more accurate data. However, the melt-crystal interface has a
low initial position (see Figure 7a). It does not correspond to the
experimentally measured position of a mark for the melt-crystal615
interface position.

The decrease of temperatures T1–T4 by 18◦C (see Table 3,
variant 2) has allowed the increase of the initial melt-crystal
interface position by 4 mm. At the same time, the behavior of
V (t) dependences does not vary. The variations in temperature620
distribution along the side surface of the calculated domain from
linear (as variant 1) to linear with the inflection of the tempera-
ture curve (see Figure 4c; Table 3, variant 3) leads to increasing
the melt-crystal interface position by 4.5 mm. The application

Figure 8 Results of modeling of in situ supercooling measurement experiment (variant 4, Table 3). Dotted line is extrapolated regions for �T (t) dependence: a)
z(t), position of the interface for facet center versus time; b)T er (z, r, t), change, of the form and position of melt/crystal interface in time; c) V (t), in facet center;
d) V (�T ).

of linear with inflection temperature distribution along the side 625
surface of calculated domain at reduction of temperatures T1–T4

by 18◦C (see Table 3, variant 4) has enabled an increase in the
initial position of the melt-crystal interface up to 27 mm (see
Figure 8a). It is 11 mm higher than for variant 1, close to the
experimentally measured values. 630

A comparison of variants 1 and 4 shows that the character
of the temperature field for the crystal-melt system is varied.
The correction of experimental boundary conditions that has
been conducted at the execution of calculations of variant 4
results in the disappearance of facet formation conditions (see 635
Figure 8b). For variant 1, melt-crystal interfaces have the convex
shape for almost all crystal growth processes (see Figure 7b),
while for variant 4, the melt-crystal interfaces are concave for
almost all crystal growth processes (see Figure 8b). Neverthe-
less, the position of the front of crystallization in the inter- 640
face center on time (Figure 8a) is used to calculate dependence
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Figure 9 Effect of the cooling rate on interface dynamics: a) interface axis
position versus time; b) change of interface position and shape. The indicated
time moment corresponds to a solid line. The time moment is necessary to find
the dashed line from Figure 9a. Solid lines (1), 40 K/hour (variant 1, Table 3);
dashed lines (2), 20 K/hour (variant 5, Table 3).

of V (t)- in the interface center (see Figure 8c) and V (�T )
dependence (see Figure 8d). For variant 4, the character of
V (t) (see Figure 8c) dependences has considerably changed,
from concave to convex. However, for all variants presented in
Table 3, the character of dependence of V (�T ) remains super-645
linear in the time interval 16–80 min (compare Figs. 7d and
8d). Thus, the results of modeling have shown that the be-
havior of V (�T ) does not depend on boundary conditions as
they change within the range of types of dependences given in
Figure 4.650

It is necessary to keep in mind that initiation of concave
melt-crystal interfaces results in the disappearance of a facet
and should lead to the reduction of supercooling up to zero
during the in situ experiment. It is not taking place in the in
situ experiment. Thus, the model gives the incorrect description655
of the temperature field in the area of the interface at the last

stages of the crystallization process. The reason may be due
to the wrong description of process dynamics, which may be
connected with ignoring the thermal resistance at the boundaries
of calculated domain in the model. 660

Computations 6 and 7 (see Table 3), for which the t value in
Table 4 was replaced by t /2, were conducted for a cooling rate
of a = 20 K/h. This modeling has shown the essential effect
of the cooling rate on the melt/crystal interface dynamics (see
Figures 9a and 9b). 665

At a smaller rate of heat extraction (smaller cooling rate) and,
consequently, under better conditions of crystallization heat re-
moval and temperature smoothing at the central zone, the in-
terface position rises, and the shape of the melt-crystal inter-
face remains convex. Thus, further improvement of the model 670
is required. This improvement will more accurately define the
dependence of V (�T ) but will not change the conclusion
regarding the superlinear behavior of dependence of V (�T ).

CONCLUSION

The supercooling of in situ measuring data with a new py- 675
rometer type having smaller dimensions of the measuring spot
permits one to more accurately measure the values of maximum
undercooling on the interface during the crystal growth process.
An Analysis of these data has allowed us to choose the time inter-
val dependence of undercooling, during which the development 680
of facet crystal growth and undercooling modification are stable
and explainable. This time interval of 16–80 min was used in the
computational investigations as one of the factors that influences
the dependence of V (�T )and facet crystal growth. A developed
2D model permits one to determine on the basis of experimental 685
data the interface location and form modification. The calculated
interface position data on the system axis are lower and the dis-
placement rate data are higher than the experimental one. An
inaccuracy of temperature conditions setting on system bound-
aries because of a limited number of temperature measuring 690
points and the possibility of a boundary temperature lag and
contact thermal resistance can explain this. Another source of
these convergences can be associated with the limited nature of
the model, namely thermo-physical properties and a more com-
plex diffuse-specular reflecting radiation transfer mechanism on 695
interface and its value. Nevertheless, it was shown that the cal-
culated dependence of V (�T ) is close to parabolic and is con-
nected with a screw-dislocation growth mechanism for this BGO
sample.

Thus, the research performed with the application of a new 700
pyrometer type, which has smaller which has dimensions for the
measuring spot, and a new numerical model, which takes into
account faceting at the melt-crystal interface, has shown that the
dependence of V (�T ) for (211) facets of BGO has a superlinear
character. Thus, the previous results [6, 8] on sublinear behavior 705
for a (211) facet of BGO crystal and the assumption about the
change of interfacial kinetics growth mechanism (as made in
[10]) have not been justified.
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NOMENCLATURE

a rate of decreasing the temperature t1, K/h710
cp specific isobar thermal capacity, J/(kg · K)
c0 the vacuum velocity of light, 2.998 × 108 m/s
c2 complex h pc0/kB for Eq. (3), k · m
d height of melt/crystal system, mm
E volume density of radiation, W/m3715
ebχ the radiation intensity of the black body,

W/(m2 · sr)
F diathermic cavity surface, m2

grad T temperature gradient, K/cm
h thickness of the melt layer, mm720
H enthalpy, J/m3

h p the Planck constant, 6.62607×10−34 J · s
I intensity of radiation, W/(m2·sr)
Icryst intensity of radiation from crystal, W/(m2 · sr)
Imelt intensity of radiation from melt, W/(m2 · sr)725
Irez spectral intensity of thermal radiation, W/(m2 · sr)
kb the Boltzmann constant, 1.38065 × 10−23 J/K
kc absorption coefficient, cm−1

L thickness of crystal, mm
L f phase transition heat, W/m3730
n parameter of refraction
ns a normal to a surface, m
qr a net radiation, W
r radius, m
Rfac radius of facet, mm735
t time, min
T temperature, K
Tb interface brightness temperature, K
T m

b interface brightness temperature without crystal
growth, K740

T v
b interface brightness temperature at growth rate v,

K
T m

bc temperature that is defined with Wien formula, K
T m

bc0 calculated brightness temperature for melting
point temperature of the interface at kc = 0, K745

T m
bc1 calculated brightness temperature for melting

point temperature of the interface at kc =
0.03 cm−1, K

Tcr temperature of front of crystallization, K
Td temperature of diathermic cavity, K750
Ti temperature of melt-crystal interface, K
Tm melt point temperature, K
V crystal growth rate, mm/min
|x − y| = r distance between points x and y for Eq. (7), m
z applicate, m755

Greek Symbols

αef effective heat transfer factor, W/(m2 · K)
β coefficient for Eq. (5)
χ0, χ1, χ2 operating wavelengths of pyrometer, nm
δ(�t) error of supercooling, K760

ε emissivity of surface
εx source surface emissivity
εy target surface emissivity
εχ0

the effective emissivity of the sample at pyrome-
ter wavelength χ0 765

ϕx , ϕy angles between normal to surface and a vector �R,
rad

λ, λ1, λ2, λ3 thermal conductivity, crystal, melt, and crucible
thermal conductivities, W/(m · K)

θ temperature interval of smoothing, K 770
ρ density, kg/m3

σ Stephan-Boltzmann constant, 5.6704 × 10−8 W/

(m2 · K4)
�T supercooling, K
�Texp experimental supercooling, K 775
� boundary
� solid angle, sr
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